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. $M,$ $N,$ $\ldots$ $L$- .
, $a,$ $b,$ $\ldots$ $L$- . $\overline{a},$ $\overline{b},$ $\ldots$ .
11. $a_{1}$ , a2 $\in M$ 1 T ( $d$( $a_{1}$ , a2) $\leq 1$ ) $R(*_{1}, .., *_{n})\in L$ , a3, ..., $a_{n}\in$
$M$ $n$ permutation $\sigma\in S_{n}$ $M\models R(a_{\sigma(1)}, \ldots., a_{\sigma(n)})$ .
$d$ ( $a_{1}$ , a2) $\leq n,$ $d$( $a_{1}$ , a2) $\geq n$ .
$A,$ $B\subset M$ [ $d(A, B)= \min\{d(a, b) : a\in A, b\in B\}$ .
2. $y\in B_{n}(x_{1}, \ldots, x_{m})$ $d(y, \{x_{1}, \ldots, x_{m}\})\leq n$ forumula .
3. $\varphi(\overline{x})=\varphi(x_{1}, \ldots, x_{k})$
$(Q_{1}y_{1}\in B_{n\iota}(x_{1}, \ldots,s_{k}))\ldots(Q_{m}y_{m}\in B_{n_{m}}(x_{1}-, \ldots, x_{k}))[\theta(\overline{x},\overline{y})]$ ,
, . , $Q$ :
, $\theta$ . $\overline{a}$
$\mathrm{b}\mathrm{t}\mathrm{p}(\overline{a})$ .
4. $A\subset M$ , $d(a, A)<\omega$ $a\in M$ $C(A)$ . $C\subset M$ $C=$







, ( $. \frac{\nabla}{}1$ ) .
2. a-t $1\mathrm{t}\mathrm{p}(\overline{a})$ .
1Gaifman
Gaifman .
4 $M$ $N$ L- , $N$ $\omega_{1}$ - . $C$ $D$ $M$ $N$
. $\{a_{i}\}j\in\alpha\subset C$ $\{b_{i}\}_{i\in\alpha}\subset D$ .
, $c\in C$ $d\in D$
$\mathrm{b}\mathrm{t}\mathrm{p}(\{a_{i}\}_{i\in\alpha}, c)=\mathrm{b}\mathrm{t}\mathrm{p}(\{b:\}_{j\in\alpha}, d)$ .
.
Pfvof. $q(\{x_{i}\}_{i\in\alpha}, y)=\mathrm{b}\mathrm{t}\mathrm{p}(\{a:\}_{i\in\alpha}, c)$ . $c\in C(\{a_{i}\}_{i\in\alpha})$ $\sigma\supset \text{ }$ $q^{*}(\{x_{i}\}|.\in\alpha)$ $:=\{\exists y\theta(\overline{x},y)$ :
$\theta(\overline{x}, y)\in q\}$ {ai}i6 . , $q^{*}(\{x_{i}\}_{i\in\alpha})$
$\{bj\}_{i\in\alpha}\subset D$ . , $q(\{b_{i}\}_{i\in\alpha}, y)$ is $N$
. $D$ $\omega_{1}$- , $q(\{b_{i}\}j\in\alpha’ y)$ $d\in D$ .
5{a \epsilon \mbox{\boldmath $\alpha$}\subset M $\{b_{i}\}_{i\in\alpha}\subset N$ . $(\{a_{i}\}_{i\in\alpha}, \{\mathrm{h}.\}_{i\in\alpha})$
$(M, N)$- :
1. $d(a_{i}, aj)=d(b_{i}, bj)$ $(i,j\in\alpha)$ ;
2. $a:_{1},$ $\ldots,$ $a_{*_{n}}.(b_{i_{1}}, \ldots, b_{*n}.)$ , $\mathrm{b}\mathrm{t}\mathrm{p}(a_{j_{1}}, \ldots, a_{i_{n}})=\mathrm{b}\mathrm{t}\mathrm{p}(a.\cdot.\cdots, aj_{n})!’$.
61. $\overline{a}\in M$ $\overline{b}\in N$ F , $(\overline{a}, \overline{b})$ ( $\ovalbox{\tt\small REJECT} f$ , N)- .
2. ({a \in \mbox{\boldmath $\alpha$}’ $\{b:\}_{i\in\alpha}$ ) $(M, N)$- , $\sigma=$ { $(a_{i}$ , bi)}j6 $M$ $N$
: $A\subset$ {ai}i5 $\sigma|A$ .
{ $a_{i_{1}},$ $\ldots$ , a } 1 , (a.$\cdot$ $\ldots,$ $a_{i_{\hslash}}$ )l , $\not\in R^{M},$ $(b:_{1}, \ldots, b_{i_{n}})\not\in R^{M}$ $n$
$R\in L$ . $\sigma$ .
7 $q(x)$ $M$ . $\dim_{M}(q)=|\{C(a) : M\models q(a)\}|$ .
8 $\dim_{M}(q)\geq m\Leftrightarrow q$ $a_{1},$
$\ldots,$
$a_{m}$ $d(a_{i}, aj)=\infty(i\leq m)$
. , $\dim_{M}(q)\geq m$ $\Sigma_{1^{-}}$ .
17
9 $M$ $N$ $\omega_{1}$ - $L$ - . $M$ $N$ \Sigma 1- .
$(.a.)q(x)$ . $q(x)$ $M$ $\Leftrightarrow q(x)$ $N$
.
(b) $q(x)$ , $m\in\omega$ ,
$\dim_{M}(q)=m\Leftrightarrow\dim_{N}(q)=\prime n$ .
$(.c)(\{a_{i}\}_{i\in\alpha}, \{bj\}_{i\in\alpha})$ $(M, N)$ - . $c\in M$ , $(\{a_{i}\}_{i\in\alpha}\cup\{c\}, \{b_{i}\}_{i\in\alpha})\cup$
$\{d\})$ $(M, N)$ - $d\in N$ .
$mof$. (a) [ .
(b): 8 , $\dim_{M}(q)\geq m$ $\dim_{N}(q)\geq m$ \Sigma 1-
. $M$ $N$ \Sigma 1- .
(c): Case 1. $c\in C(\{a_{i}\}:\in\alpha)$ . $I=\{i\in\alpha : a_{i}\in C(c)\}$ .
, $\{a_{i}\}_{j\in I}$ $\{b_{i}\}_{i\in I}$ . $\{b_{i}\}_{i\in I}$ $N$ .
4} , $d\in N$ $\mathrm{b}\mathrm{t}\mathrm{p}(\{a_{i}\}_{i\in I}\cup c)=\mathrm{b}\mathrm{t}\mathrm{p}(\{b_{i}\}_{i\in I}\cup d)$ [ . ,
$(\{a_{i}\}_{i\in\alpha}\cup\{c\}, \{b_{j}\}_{j\in\alpha}\{d\})$ $(M, N)$- [ .
Case 2. $c\not\in C,(\{a_{i}\}_{j\in\alpha})$ . $q(x)=\mathrm{b}\mathrm{t}\mathrm{p}(c)$ . $\dim_{M}q=\mathrm{o}\mathrm{o}$ . $N$ [
$q$ . $N$ $\omega_{1}$- , d\in N\{bi}ic $q$
. $(\{a_{i}\}:\in\alpha\cup\{c\}, \{b_{i}\}_{i\in\alpha}\{d\})$ $(M, N.)$- 1.
$\dim_{M}(q)=n\in\omega$ . (b) , $\dim_{M}(q)=n$ . dim(cy({bi}.\epsilon )(q)
$n$ , $d\in N\backslash C(\{b_{i}.\}_{i\in\alpha})$ $q$ . $(\{a.\cdot\}_{i\in\alpha}\cup\{c\}, \{b_{i}\}.\cdot\in\alpha\{d\})$
( $M$ , N)- .
$\dim_{C(\{b_{i}\},\alpha)}.(\in q)=n$ . $e_{1},$ $\ldots,$ $\mathrm{e}_{n}$
. $b_{i_{1}},$
$\ldots,$
$b_{i_{n}}$ $ej\in C(b_{i_{j}})(j\leq n)$ . $(\{a_{i_{1}}, \ldots, aj_{n}\}, \{bj_{1}, \ldots, b_{*_{n}}.\})$
4 , $d_{j}\in C(a:_{j})(j\leq n)$ $q$ . $d(a_{\mathrm{J}}.\cdot., a_{i_{k}})=\infty(j\neq k)$
, $\dim c(\{a_{i}\}_{1\in\circ}.)(q)\geq n$ . $c\not\in C(\{a_{i}\}_{i\in\alpha})$ $q$ , $\dim_{M}(q)>n$
. .
10 $M,$ $N$ $L$ - . $\overline{a}\in M$ $\overline{b}\in N$
$1\mathrm{t}\mathrm{p}_{M}(\overline{a})=1\mathrm{t}\mathrm{p}_{N}(\overline{b})\Rightarrow \mathrm{t}\mathrm{p}_{M}(\overline{a})=\mathrm{t}\mathrm{p}_{N}(\overline{b})$ .
Proof. $\mathrm{l}\mathrm{t}\mathrm{p}(\overline{a})=\mathrm{l}\mathrm{t}\mathrm{p}(\overline{b})$ . $M$ $N$ $\Sigma_{1}$- . $(\overline{a}, \overline{b})$
$(M, N)$- . $M$ $N$ , \mbox{\boldmath $\omega$}1- .
9 back and forth argument , $M_{0}$ $N_{0}$
:
18
$\bullet\overline{a}\in M_{0}\prec M,\overline{a}\in N_{0}\prec N$ ,
$\bullet$ $(M_{\mathrm{O}}, N_{0})$ ( $\mathrm{A}f$ , N)- .
6 , $(M\mathit{0},\overline{a})$ and (No, $\overline{a}$ ) . $\mathrm{t}\mathrm{p}(\overline{a})=\mathrm{t}\mathrm{p}(\overline{b})$ .1
11 $M$ $L$ - , $\overline{a},$ $\overline{b}\in M$ . $(\overline{a},\overline{b})$ $(M, \mathrm{A}f)$ - $\mathrm{t}\mathrm{p}(\overline{a})=\mathrm{t}\mathrm{p}(\overline{b})$ .
Proof. 10 9 , $\Lambda f$ $N$ \Sigma 1-
. . 10
.
12 $\overline{a}_{i}\in M(i$. $\leq’ n)$ . $\overline{a}_{i}$ , $d(\overline{a}_{i},\overline{a}_{J}.\cdot)=\infty(i\neq j)$ .
$p(\overline{x.}0, \ldots,\overline{x}_{m})=\mathrm{t}\mathrm{p}(\overline{a}_{0}, \ldots,\overline{a}_{m})$ :
$q(\overline{x}_{0}, \ldots,\overline{x}_{m})=\cup i\leq m\mathrm{b}\mathrm{t}\mathrm{p}(\overline{a}_{i})\cup i<j\leq m\cup$
“
$d(\overline{x}_{i},\overline{\mathrm{n}_{j}..})=\infty$ ”.
Prvof. $\overline{c}$ $\overline{d}$ $q$ , $(\overline{c},\overline{d})$ .
.
13 (Gaifm.an) $\Sigma_{1}$ - :
$(*) \exists x_{0}\ldots\exists x_{m}[\bigwedge_{i\leq m}\theta(x_{i})\Lambda\bigwedge_{i<j\leq m}d(x.i, x.j)\geq n],$
$\theta$ [ .
Pmof. $\mathrm{A}f$ $N$ $(^{*})$ elementary . , $M\equiv N$
. , $\omega_{1}$- .
$M$ $N$ ( ). , $(M, N)$- $(\emptyset,\emptyset)$
, back-and-forth argument , $M\mathit{0}$ $\prec\Lambda\prime I$
$\mathrm{a}_{\mathrm{I}}\mathrm{n}\mathrm{d}N_{0}\prec N$ .
14 1. $M$ $\Leftrightarrow|B_{n}(b)|$ $n\in\omega$ $b\in M$ .
2. $M$ \Leftrightarrow $\sup\{|B_{n}(b)| : b\in M\}$ $n\in\omega$ .
3. $M$ \Leftrightarrow $\varphi(\bm{x})$ $\uparrow n_{\varphi}\in\omega$ $B_{n_{\varphi}}(a)(a\in$
$M)$ $\varphi(x)$ .
.
15 $M\equiv N$ :
1. $M$ $\Leftrightarrow N$ .
19
2. $\Lambda f$ \Leftrightarrow $N$ .
16 1. $T$ \Leftrightarrow T ( ) .
2. $T$ \Leftrightarrow $T$ ( ) .
.
17 $\bullet$ $T$ , L non-algebrvtic .
$\bullet$ $T$ , $T$ superstable $U$ -rank1 .
2 .
18 $M^{*}$ $\omega$ - $M$ elementary extension . :
(a) $M$ :;
(b) $M^{*}$ $C$’ , $C\prec M^{*}$ .
Proof. $\vdash:M$ . , consistent $\varphi(x)$
$m>0$ $b\in M$ $B_{m}(b)$ $\varphi(x)$ . ,
$b^{*}\in M^{*}$ $C(b^{*})$ $\varphi(x)$ . $C(b^{*})$ $M^{*}$
elementary submodel .
$arrow:(\mathrm{a}_{1})$ . $C$’ $M$ $arrow 1^{-}\nabla$ . 13
, $\varphi$
$\exists x_{0}\ldots\exists x_{m}[\wedge\theta(x_{i})\Lambda\wedge d(X:, X_{j})i\leq mi<j\underline{\swarrow_{\backslash }}m\geq n.]$
. $\theta$ . $M$ $\varphi$ , $C$
. $T$ , $\theta$ $n_{\theta}$,
, $C$ $n_{\theta}$ $\theta$ . $C$’ $\varphi$
.
19 , $T$ , $A\subset M$ , $C(A)\prec M$
.
20 $M^{*}$ $T$ $\omega$ - . .
1. $T$ ;;
2. a\in Ml , $C(a)\subset \mathrm{a}\mathrm{c}1(a)$ .
Pmof. $1arrow 2$ . $2arrow 1$ $\omega$- . $T$ ,
$a\in M$ $n\in\omega$ $B_{n}(a)$ [ . $\{x$. $\in B_{n}(a)\}\cup\{x\not\in \mathrm{a}\mathrm{c}1(a)\}$
. $b\in M^{*}$ . $b$ $C(a)\backslash \mathrm{a}\mathrm{c}1(a)$ .
20
$T$ — , a.cl(a) $=C’(a)$ $C.\cdot(a)\models T$
.
3









Proof. If we assume (a), we can easily construct a $2^{\omega}$-ma.ny1-types, using abinary tree
argument. This shows $(\mathrm{a})arrow(\mathrm{c})$ . $(\mathrm{c})arrow(\mathrm{b})$ is trivial. The local isomorphism property
implies that if $a$ is apoint in amodel of $T$ then $C.(a)$ is amodel of $T$ . So the implications
(c) $arrow(\mathrm{d})arrow(\mathrm{e})arrow(\mathrm{f})$ and (c) $arrow(\mathrm{g})arrow(\mathrm{f})$ are obvious. So it is sufficient to show the
implications $(\mathrm{f})arrow(\mathrm{b})$ and $(\mathrm{b})arrow(\mathrm{a})$ .
(b) $arrow(\mathrm{a})$ :Assume the negation of (a) and choose an isolated type $r(x)\in S_{1}(T)$ . We show
that any 1-type is isolated. Let $p(x)$ be any type and $a$ arealization of $p$ . By the local
isomorphism property, $C(a)$ is amodel. Since $r$ is an isolated type, $C,(a)$ has asolution $b$ of
$r$ . By the uniform local finiteness, $a\in C(b)\subset \mathrm{a}\mathrm{c}1(b)$ . So $p=\mathrm{t}\mathrm{p}(a)$ is an isolated type. This
shows that there are only finitely many l-types.
$(\mathrm{f})arrow(\mathrm{b})$ :Assume the negation of (b). Notice that a1-type deter-nines the isomorphsm
type of the connected component that realizes the type. So there are only finitely many
connected components $C_{1},$ $\ldots,$ $C_{n}$ modulo isomorphism. Let $M$ be acountable model. Let
$\uparrow n_{i}\leq\omega$ be the number of components $C$ in $M$ with $C\cong C_{i}$ . $M$ is completely determined
by the tuple $(m_{1}, .., m_{n})$ , so there are only countably many models.
$M$ rigid .
22 $M$ $L$ - . $T$ rigid $T$
$2^{\omega}$ .
Proof. If $T$ has arigid model, then any two points in acomponent have different types. So
there are infinitely many 1-types. By the above theorem $((\mathrm{a})arrow(\mathrm{d}))$ , we are done.
21
4Rigid .
Let $M= \bigcup_{i<\alpha}Cj$ be adecomposition of $M$ by connected components. If there are two
isomorphic components $C_{i}$ and $C_{j},$ .then the mapping which exchanges these two isomorphic
components (and fixes other components) is an isomorphism. So $M$ is rigid if and only if
(1) there are no isomorphic components and (2) each component is rigid. In this section, we
study rigid connected models.
23 1. $\varphi(x,\overline{y})$ (\sim , $M$ )
: $n\in\omega$ $\overline{a}\in M$ $|\{b\in M:\varphi(b,\overline{a})\}|<n$ .
2. $M$ $\sigma$ translaf.ian :
$\varphi(x, y)$ $M\models\varphi(\sigma(a), a)$ $(a\in M)$ .
24 $M\equiv N$ :
(a) $M=\mathrm{a}\mathrm{c}1(a)$ for any $a\in M$ ;
$(b.)k\in\omega$ $A\subset N$ $f_{\vee}$. $N=\mathrm{d}\mathrm{c}1(A)$ .
$M$ rigid $N$ [ translat.ion .
Proof. Suppose that $N$ has a $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{s}\mathrm{l}\mathrm{a},\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\sigma\neq \mathrm{i}\mathrm{d}$ . We show that $M$ is not rigid. Then, by
property 2, for any $k$-element set $A\subset N$ there is $a\in A$ with $\sigma(a)\neq a$ , since otherwise we
would have $\sigma=\mathrm{i}\mathrm{d}$ . Let $\varphi(x, y)$ be aformula witnessing that $\sigma$ is $\mathrm{a}_{|}$ translation. Let $\uparrow l’(x,\overline{y})$
$(\overline{y}=y_{1}\ldots y_{k})$ be the formula
$i=1,\ldots\prime k\mathrm{V}(\varphi(x, \cdot y_{i})\vee(x=y_{i}))$
.
Then for any $A\subset N$ with $|A|=k$ , there is $a\in N$ such that $N\models\psi(\sigma(a), A)\Lambda\psi(a, A)\Lambda\sigma(a)\neq$
$a$ . In particular for any formula $\theta(x)$ we have
$N\models\forall\overline{y}[\Lambda^{y}\cdot$.
$\neq y_{j}i\neq jarrow\exists x\exists x’[\psi(x,\overline{y})\Lambda\psi(x’,\overline{y})\Lambda(\theta(x)\mapsto\theta(x’)]]$
(1)
Since $\psi(x, y_{1}, \ldots, y_{k})$ is auniformly algebraic formula, there is anumber $n$ such that
$N\models\forall\overline{y}\exists^{\leq n}x\psi(x,\overline{y})$ (2)
By (1), (2) and $M\equiv N$ , if $a_{1},$ $\ldots,$ $a_{k}\in M$ are distinct elements, then for each $\theta(x)$ we can
choose distinct $a_{\theta},$ $b_{\theta}$ with $M\models\psi(a_{\theta}, a_{1}, \ldots,a_{k})\Lambda\psi(b_{\theta}, a_{1}, \ldots,a_{k})$ such that
$M\models\theta(a_{\theta})rightarrow\theta(b_{\theta}’)$ .
So, since $\psi(x,a_{1}, \ldots, a_{k})$ has only $n$ solutions in $M$ , we can easily deduce that there are $a\neq b$
having the same type.
22
25 $T$ . $M$ $N$ $T$ . $M$ $r^{\mathrm{w}}ig|id$
$N=\mathrm{d}\mathrm{c}1(A)$ $k$ $A\subset N$ . $N$
[ 1 translation .
Now we are going to show:
26 – $M\equiv N$ :
(a) $M$ $N$ :
(b) $M$ rigid $N$ rigid.
. For each $n\in\omega$ , we define two subsets $I_{n}$ and $D_{n}$
of $\mathbb{Z}$ by
$\bullet$ $I_{n}=[-2^{n},2^{n}]=\{a\in \mathbb{Z}:-2^{n}\leq a\leq\sim 9^{n}\}$ ;
$\bullet D_{n}.=\bigcup_{i\leq n}(I_{i}+2^{i+2}\mathbb{Z})$ .
27 Let $\{A_{n}\}_{n\in(y}$ be $a$ Amily of subs $ets$ of $\mathbb{Z}$ with $A_{n}\subset I_{n}$ . Define th.e $A_{n}^{*}’\sim^{\mathrm{Q}}$ by $A_{n}^{*}=$
$\bigcup_{i\leq n}(A_{j}+2^{i+2}\mathbb{Z}.)$ . We assum.e $A_{n+1}\cap D_{n}\subset A_{n}^{*}$ for all $n\in\omega$ . Then $A_{n}^{*}\subset D_{n}$ and
$A_{n+1}^{*}\cap D_{n}=A_{n}^{*}$ . So $( \bigcup_{\dot{\mathrm{t}}\in \mathrm{t}v}A_{i}^{*})\cap D_{n}=A_{n}^{*}$ .
Proof. First notice that by our assumption we have $A_{m}^{*}\cap D_{n}\subset A_{n}^{*}$ for all $ln\geq n$ . $A_{n}^{*}\subset D_{n}$
is clear. Since $A_{n+1}^{*}\cap D_{n}\supset A_{n}^{*}$ is clear, we prove the other direction $A_{n+1}^{*}\cap D_{n}\subset A_{n}^{*}.$ By
assuming $x\in A_{n+1}^{*}\cap D_{n}$ and $x\not\in A_{n}^{*}$ , we derive acontradiction.
$x=b+2^{i+2}l$ .
So we have $a=b+2^{i+2},n$ for some $m\in \mathbb{Z}$ . This means that $a\in D_{i}$ . Hence, by $A_{n^{\cap D}j}\subset A_{i}^{*}$ ,
we have $a\in A\mathit{7}$ . So $x=a+2^{n+3}k\in A_{j}^{*}\subset A_{n}^{*}$ . Acontradiction. 1
Now we are going to construct specific sets $A_{n}$ ’s satisfying the conditions in lemma 27 plus
the symmetric condition
$A_{n}=-A_{n}$ .
We put $A_{0}=\emptyset$ . Suppose that we have defined $A_{j}’ \mathrm{s}$ for $i\leq n$ .
Case 1. $n=2m$. It is clear that rn $\in I_{n}$ . Clearly $I_{n+1}\backslash I_{n}^{*}\neq\emptyset$. For example, $a=$
$1+2+\cdots+2^{n}\in I_{n+1}\backslash I_{n}^{*}$ . Choose $b\in I_{n}$ such that $a-b$ is amultiple of $m.$ If $b\in A_{n}$ then
we put $A_{n+1}=A_{n}$ . If $b\not\in A_{n}$ then we put $A_{n+1}=A_{n}\cup\{-a, a\}$ .
23
Case 2. $n=2m+1$ . As in the first case, choose the least positive $a\in I_{n+1}\backslash I_{n}^{*}$ . Then
$-a+m\in I_{n}^{*}$ , by the minimality. $\mathrm{I}\mathrm{f}-a+m\in.4_{n}$ then we put $A_{n+1}=A_{n}$ . Otherwise we
put $A_{n+1}=A_{n}\cup\{-a,a\}$ .
It is c.lear that $A_{n}$ ’s satisfy the required conditions. As in lemma 27, we define $A_{n}^{*}$ . Let
$A^{*}$ be the set $\bigcup_{n\in \mathrm{t}d}A_{n}^{*}$ . Now we consider the structure
$\mathrm{A}f=(\mathbb{Z}, R, A^{*})$ ,
where $R$ is the binary relation $\{(x, x+1):\Pi \mathrm{j}\in \mathbb{Z}\}$ .
28 $\Lambda^{l}I$ .
Proof. Let re $\in\omega$ . It is sufficient to find $|n\in\omega$ such that any $B(a, \uparrow n)=[a-m, a+’ n.]$
contains an interval which is isomorphic to the substructure $I_{n}$ . By the definition of $A_{k}’ \mathrm{s}$ ,
we have $A_{l}\cap I_{k}$. $=A_{n}(l\geq n)$ . So, by lemma 27, we have $A^{*}\cap D_{n}=A_{n}^{*}$ . This means that
for any $f_{\vee}..\in\omega$ , the following equation holds:
$A^{*}\cap(I_{n}+2^{n+2}k)=A_{n}+_{\sim}\cdot)^{n+2}k$ .
Now two subsets $(I_{n}+2^{n+2}k)$ and $I_{n}$ are isomorphic as $\{R, A^{*}\}$-structures. Hence $\uparrow n=2^{n+1}$
has the required property. 1
29 $M$ 0 $(x\vdash.arrow-\cdot x)$ .
Proof. The transposition at 0is an automorphism by the property $A^{*}=-A^{*}$ . We show
that there is no other nontrivial automorphism. Let $\sigma-\mathrm{b}\mathrm{e}$ an automorphism of $M$ . By the
definition of $R,$ $\sigma(x)=x+m(|n\in \mathbb{Z})$ or $\sigma(x)=-x+m(m\in \mathbb{Z})$ . First let us assume that
$\sigma(x)=x+\uparrow n$ and $m>0$ . Put $n=3m$ . Both $2^{n}+1$ and $\overline{2}^{n}+1-rn$ belong to $I_{n+1}$ . But by
the definition of $A_{n+1}$ (case 1), exactly one of $2^{n}+1$ and $2^{n}+1-m$ belongs to $A_{n+1}$ . Using
$A^{*}\cap I_{n}=A_{n+1}$ , we know that $\sigma$ is not an autormophism. The case where $\sigma(x)=x+m$
and $m<\mathrm{O}$ is treated similarly. Next we assume $\sigma(x)=-x+m$ and $m>0$ . Now we put
$n=2m+1$ . Then both $2^{n}+1$ and $-2^{n}+1+m$ belong to $I_{n+1}$ . But by the definition of
$A_{n+1}$ (case 2), exactly one of $2^{n}+1\mathrm{a}\mathrm{n}\mathrm{d}-2^{n}+1+’ n$ belongs to $A_{n+1}=A^{*}\cap I_{n+1}$ . Again we
know that $\sigma$ is not an automorphism. The case where $\sigma(x)=-x+m$ and $m<\mathrm{O}$ is treated
similarly, by $A^{*}=-A^{*}$ . $1$
24
Let $p_{n}(y, z)$ be the (possibly) partial type asserting that $d(y, z)=n\mathrm{a}|\mathrm{n}\mathrm{d}$ that the mapping
$\sigma_{yz}(x)=-x+y+z$ is an automorphism of $M$ . Notice thalt the only solution of $p(y, z)$ in
$\mathrm{f}\mathrm{l},f$ is $(0, 0)$ . We prove
30 $p_{n}(y, \sim\sim, )$ $T=Th(M)$ .
Prvof. By way of contradic.tion, suppose that $p_{n}(y, z)$ is isolated by $\varphi(y, z)$ . By Gaifman’s
theorem, $\varphi(y, \approx)$ can be assumed to be abounded formula. Since $\varphi(0)$ holds in $\mathrm{A}f$ , we can
choose $n\in\omega$ such that
$M\models(\forall y)[B(y, 2^{n})\cong I_{n}arrow\varphi(y)]$ .
By the local isomoprhism property, there is $a\neq 0$ satisfying $B(a, 2^{n})\cong I_{n}$ . From the above,
$a$ satisfies $\varphi$ , so $a$ realizes $p(y)$ . Acontradiction. 1
Using the omitting types theorem, choose amodel $N\models T$ omitting the type $p(y, \sim’\sim)$ . By
the local isomorphism property, we can assume that $N$ is connected.
31 $N$ rigid .
Proof. Since $N$ omits $p(y, z)$ , any $\sigma_{ab}$ is not an automorphism. Recall that any $\tau_{a}(x)=x+a$
is not an automorphism of $\Lambda f$ . By $N\equiv M,$ $\tau_{a}$ is not an automorphism of N. 1
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